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fall} for wWch he had little or no care tekcn of 
him. He has ever finc^ this accident had fome com^ 

Elaints in his fide at times^ but not conftantly } nor 
ave they ever ban fo bad, as to prevent his afting 
in his biifinefs as a failor, till wimin a few weeks 
before he applied to me. 

London, Hattoti Garden, 
June 28, I7S3» 
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XL. ExtraB q/ a Letter from Mr. James 
Dodfon to M-. William Mountaine, F.R.S, 



May *6, 1753. 
*e«d July J, fTpHE world has, without difpute, 
*^^^' JL ^° obliged to the invention of 
fluxions, for many coni^e methods of calculating 
the peripheries, areas, and folidities, of curvilinear 
figures ; but it muft be confefled, at die fame time, 
that the moft ufeful, even of thofe, had been com- 
puted before, tho* by methods more laborious j and, 
confequently, fince the truth of the principles of 
fluxions was long difputed, that art feems rather to 
have received, than to have afibrded, any advantage, 
in tHofe cafes. 

Neper and Briggs calculated their feveral tables of 
logarithms, with almofl: mfuperable labour j and Van 
Ceulen was rendered famous for his approximation to 
the quadrature of the circle, on account of the acknow- 
leged tedioufnefs of its computation. The methods 
ofcomputing logarithms were indeed improved, by 
the aflmanceof the properties of the Hyperbola, atid 
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the ufc of iafinite feries, before the ^eat inventer of 
fluxions was known in the world : but then, the bu- 
finefs of logarithms being purely arithmetical, the 
Hyperbola was foreign to the fubjed 5 and the nature 
of infinite feries, tho' well adapted to the purpofe, 
was at that time but little uaderftood. 

I am fometimes induced to believe, that, if the lat* 
ter (/. e. the nature and ufe of infinite feries) had 
arrived at any degree of perfection, before the in- 
vention of fluxions, moft of the feries, which are 
;iven for the above-named kind of calculations, and 
lave been deduced from fluxional procelTes, would 
have been difcovered without the afliftance of them : 
and I am of this opinion, becaufe I am certain, that 
many of them might have fo been: to inftance in 
both the cafes above quoted i viz. the feries, for 
making logarithms, and for reftifying the circle. 

And firft, the terms of one of the moft fimple 
feries, for expreffing the logarithm of a given num- 
ber, is compofed of the powers of tibe exccfs of that 
number, above unity, divided by their refpeftive indi- 
ces ; of which the nrft, third, fifth, &c. terms arc af^ 
firmative, and the fecond, fourth, fixth, ©"r. terms 
are negative j and the difference l^tween the {uvm of 
the affirmative and the negative terms, is the Nep^ian,. 
hyperbolic, or (as fome call it) the natural logarithm 
of the given number. 

Now a mathematician, who ottderftands the nature 
and management of feries (aitho* wholly ignorant of 
fluxions, or whatthejuftly celebrated Dr. HalJeyj in 
his admired investigation of this very feries> puWiflied 
in N^ %i6 of the PbilofophicGl "TranfaBions^ calls 
ratiuncuU, ^i^) might arrive at the feme conclufion, 

in the following manner : 

Since 
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Since the Icjsgarithm of unity Is nnlvetMly deter- 
mined to be nothing } that of 2, j^ 4, 10, cm' any 
other number, confiderd m a root, is one; that of 
4j 9f 16, 100, &Ci confidefd as die fquare of that 
root, is two I and fo on s it follows, that (in all cdes) 
the logarithm of a greater number will exceed that of 
its leflfer 5 and each logarithm will Imve fome rela- 
tion to the excefs of ite number, above unity, the 
number, whofe l<^arithm is notiiing : the terms of 
the feries, Aerefore, which will represent the loga^ 
rithm of any number, will conJGft of the powers of 
tl^ occefs of that number, above unity, widi fom% 
yet unknown, but conftant coefficients. 

That the logarithm of the fquare of any number 
is twice the logarithm of its root, is a well-known 
property of tbofe artificial numbers} and therefore, 
the doubles of the particular terms of the affumed 
feries will conftitute a feries, cxpreffing die logaritihm 
of the fquare of the given number. 

But, by the fourth propofitbn of the fecund book 
of Euclid, the fqu^e or any qtmntaty is equal the 
fum of the fquarcs of its two parts, mare a double 
redangle of thofe parts J which, in this cafe (where 
the given number has been affumol, to confift of 
unity, and an exx^efs) will be unity, more twice that 
^xcefs, more the fquare thereof. 

If, therefore, the feveral powers of the compound 
quantity (twice the excefs of the given number above 
unity, more the fquare thereof) be multiplied by the 
above affumed coefficients, and afterwards ranged 
under eadi other, according to tiie powers of the 
faid excefs I their fums will again exprefs the loga- 
rithm of the fquare of the given number# 

Mm % Now, 
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Now, filncc the logarithm of the fqmte of tihe 
given number may be thus exprefled by two infinite 
feries, each conftituted of the exccfs thereof, above 
unity, and its powers I it follows, that the coefBcients 
of the like powers of that excefs, in each feries, will 
be equal between themfelvesj and, confequently, 
the values of the unknown coefficients may be ob- 
tained, by fimple equations 1 and diefe coefficients 
will, by the procefs annexed, appear to be, the re- 
ciprocals of tne feveral indexes of the powers of that 
excefs, affefted alternately with the figns 4- and — ^ 
as was before found, by the quadrature of the Hyper- 
bola, by Dr. Halley in the above-cited Pbikfophfcal 
^ranfaUim^ and by many who have ufed a iuxional 
procefs. 

But, there is another logarithmic feries equally fim- 
ple with the former, confiftlBg of the fame terms, 
but all affirmative. This has been demonftrated to 
be the logarithm of that fraaion, whofe numerator 
is unity, m^ denominator a number, as much lefs tfian 
unity, as the former number exceeded it. 

Now, if an infinite feries ^be formed from that 
fraftion, by adual divifion, it will confift of unity> 
and all the powers of that defedi and if the feveral 
powers of the isccefs of this infinite feries above unity> 
be multiplied by the coefficients above-found, and 
ranged according to the powers of that ^titdi^ their 
fums will exhibit the above-defcribed feries for the 
logarithm of that fraftion, as appears by the opera- 
ration fubjoin'd. 

As to the application of rfiefetwo feries, and their 
fum, to the finding the logarithms of numbers ; the 
fame, being copioufly trcated of by Dr. Halley (in 
the Phfkfophical Tranja^im before quoted) there is 

no 



[ 277 ] 

BO occafion for the repetition thereof here* Note^ 
The above trad of Dr. Halley's is printed with the 
expHcation of Sherwin's tables of logarithms (fol. lo) 
with many examples of the ufe thereof annexed. 

Secondly, The terms of one of the beft feries, for 
the rectification of the circle, are compofed of the 
odd powers of the tangent of any arc, not exceeding 
4^ degrees, feverally divided by their refpedive in- 
dexes 5 of which the firft, third, fifth, &c. terms are 
affirmative} and thefecond, fourth, fixth, &c. terms 
are negative ; and the difference, between the fums of 
the affirmative auid negative terms, is the length of th^ 
are, of which the tangent, and its powers, conflitute 
the feries. 

Now a mathematici^, who underftands the na- 
ture and management of feries, altho' wholly igno- 
rant of fluxions, might inveftigate this feries in the 
following manner : 

It has been geometrically demonftratcd, that, the 
radius of a circle being unity, if the double of the 
tangent of any arc, be divided by the difference be- 
tween unity, and the fquare of that tangent, the 
quotient will be the tangent of twice the arc. 

Now if an infinite feries be formed by adual di- 
vifion, its terms will confift of the doubles of the 
odd powers of the tangent, and will be all affirma- 
tive ; which feries will exprefs the length of the tan- 
gent of the double of that arc, whofe tangent and its 
powers conftitute the fame. 

If a feries, confifting of the tangent and its powers, 
with unknown coefficients, be afliimed (as in the for- 
mer cafe) to exprefs the length of the arc 5 then the 
length of the double of that arc may be exprefled 
two ways i viz. either by multiplying each term of 
3 tlie 
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the feries afliimed by the number two { ot by findiug 
the powers of the feries above defcribed (which ex- 
hibits the length of the tangent q£ the double arc) 
multiplying each power by its proper coefficient, 
ranging the produ<lls under each other (according to 
the powp's of the tangent of the fingle arc) and find- 
ing their fum. 

Now, fince the length of the douWe arc may be 
thus exprefled, by two infinite feries, each conftituted 
of the tangent of the fingle arc, and its powers ^ 
therefore the coefficients of the like powers of that 
tengept, in each feries^ will be equal between thena- 
felves J and confequently the values of the unknown 
coefficients may be obtained by fimple equations. 

Laftly, fince the feries, which gives the length of 
the tangent of the dpuble arc confifts only of the odd 
powers of the tangent of the fingle arc, therefore 
none of the even powers thereof can range tl^re- 
with: now tbefe will not oeour in the odd powers 
of that feries ; and therefore the feries, afliimed to 
exprefs the length of the fingle arc, whofe double is 
to be compared with the fum of the former, muft 
confifl: only of the odd powers of that tangent i and 
then the feries firfi: menticHied refulte from the opera- 
tion, as will appear by examining the fame» as hereto 
annexed. 

I am thoroughly fenfible, that, to the learned, 
who are already mafi:ersof the invefl;igation of thefe 
feries by other methods, this will appear to be an 
eflay of more curiofity than ufe 5 but, with regard 
to ftudents, I humbly conceive it will have its ad- 
vantages j becaufe by thofe, who are acqu^nted with 
the notation of algebra, and the manner of folvii^ 

fimple 
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fimple equations, the nature of the feries, and the 
operations above ufed| may be eafily obtained i and 
tney may be hereby enabled to make a fcientific ufe 
of logarithms in arithmetical, and of the redification 
of the circle, in geometrical calculations ; which at 
prefent cannot be done, till a much greater progrefs 
is made in mathematical knowlege, without great 
labour :j as well as to examine and corred the printed 
tables of both forts, if dubious, or found to be erro- 
loieous^ 

The operation necei^y to find the coefficients of a 
feries, which will exfarefs the bgarithm of a given 
number* 

If the given number he reprefented by i+^j the» 
the following feries may be affumed to reprefent its 
logarithm: 

And %n + 2X»* + ^y^^ + ^^^* + ^un\ d^c. will 
feprefcnt the logarithm c£ the fquare of that number ; 

viz. of I + 2« + ^^' 

But, becaufe tn-^-nn is Ae excefs of 1 4- i/i + ^^> 
above unity, therefore its logarithm will be alfo ex- 
prefled by _,__ ___ 



mmif'*^ 



Now zn'\'nn « 4f^fi + 4^^ + ^ 

Therefore, 

z ff 
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And the fam of thefe is equal to the logarithm of 
the fquare of 1+^. 

If an equation be formed^ of the coefficients of n\ 
m each of thefe expreffions of the logarithm of that 

fquare. 

Then a;esa i +4Ar} whence — i =3 x 

And, by preceding in the feme manner with the 

coefficients of »', »♦, »', &c, and fupplying the 

places ofx^y^ z, &c. as they arife, by the numbers 

(fo found) we fhall have 

^ iy^l.lj^Syf whence + i =:;r . 

2«ss:— i + i^+ i^^i whence— 4s=2i 
2«ss= f— ^4" 3**5 whence + f s=«; 
Confequently, the logarithm of i+» will be ex- 

preffai by « — 4 *** + i «' — i «* + f «*> ^^« as 
above aflerted. 

Again, fince - — 7=: i4-»+^*+'35' +^*+^^f &c» 
as apU br Ae'folowing divifion : 

I— » 



And, fince the excefs of that feries, above unity, 

is theferies# + »* + «^ + »% &c^ 

Therefore 
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Therefore the logarithm of -— 7* will confiftof the 

fums of the powers of that ferks, multiplied by the 
above-found coefficients h — ^t»H^»r— ^j+jj &c. 

Now the) 5 IT'^) n^ ^ yt^ + 6nK &c. 

•— i»^ •— l-n^ ~ I «4- _- 4 ;^5, ^c. 

The fums of which, viz. n -h-|i^*-f-i^'+T^+T«^ ^^- 
will be the logarithm of — -, as above affirmed. 

The operation neceflary, to find the coefficients of a 
fellies, whicii will cxfM^cfs the length of the are of 
a circle, by the tangent of that arc, and ks 
powers^ 

Leti^ reprefent the length of the arc, and / tha 
length of the tangent thereof; then the tangent of 

that afc whofe laigth h %a. willbe— 2L| which 

fraSiiw is cqiml to the infinite feriesi %t + 2if^4- *^^+ 
2/7 ^ 2/^, ^c^ See the divifion* 

N n t^H 
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tt )xt ( It + 3/3 + 2/J, ^C. 






2/* 



■» "f »» 2/ 



And by performing the necefliiry multiplications, 
or divifions, it will alio appear, that 

3 

^^ »-^ 8/3 + 24^^+ 48/74. 8o/^ G?c. 



J— /I 



%t 1 

Ml I I '■ ■ >— — > • 

_7 

2/ I— 

1— /^ 



32/^4- 1^0/5^ + 480/% c^r. 



128/?+ 896/^ tic. 



9 



%t 



t^tv 



fii/^, GV. 



Now if we alTume,. for the value of ^, the follow- 
ing f^ies, / 4" ^^^ +>'^^ + -^^^ + ^^^f &^^ 

Then 2/ 4- ix/^ 4- %yt^ 4- 22;/T4. 2^/9^ ^r.= 2^. 

And becaufe — - is the tangent of the arc, whofe 

length is 2^, therefore 

3 " 
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1— // 



// 



+;^ 



2/ 



I— « 



•■^^rx 



It 



'tt 



C^r,=2^, 



Which eif preflron is eqiiivalent to the fum of the 
following ferics ; fgc 

2f 
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X X 



2t 
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2t 
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Z X 



U X 



%t 
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And (by making an cqaation, between 2 jt, the 
coefficient of /^ in the fir ft found value of 2^, and 
2+8^, the fum of the coefficients of /^ in the latter) 
2^ = 2 + 8^; whence- i=;^^ 

And, by proceding in the fame manner, with the 
coefficients of /^, f^^ t^, &c. and fupplying the places 
of x^y^z^ &c. (as theyarife) by the numbers (fo 
found) we fliall have 

2 / = 2 — ~ f- 1 2^ I whence j=4-|-. 

2 z— 2 —^3^4- •^^+ 1 18^ ; whence ^=:— f. 
And 2U^^^^f'^^--^^'^fltu^whmc^u:=^ 
Therefore we may conclude, that i — J t^-^^ ^i-^ 

The application of this fcries to the redification 
of the circle is extant in many authors 1 particularly 
in Sherwin's tables of logarithms, above-quoted, 
folio f f. 

When the arc is juft 45 degrees, then /= i, and 
the feries becomes i — f-ff — T+i> &^- which con- 
verges exceedingly flow ; but, by the affiftance of a 

N n 2 method. 
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method, given in the appendix to M. De Moivre*^? 
MifcelMnea Anslytitd^ it may be transformed to an- 
other, converging quicker ; which method is applied 
to thi$ very feries-^ in folio jd 2 of i)xt Alatbematic^i 
RepoJiUry^ Vol. I. 

XLL A Letter from John Lining, MD. of 
Charles-Town, South-Carolina, to the Rev. 
Thomas Birch, D. D. Seer. R. S. concern- 
ing the iluantity of Rain fallen there from 
January 1738, ifi? December I752» 

Rev. Sir Scrtrrii Catolma, Chai^cs-Towtj, April 

\ ' 9* ^753- 

Read J% 8, / | ^ H E favcrt^raBle reception, which 
'753' J^ PQy former paper s^ met with from 
the Royal Society^ encrocrragea me to fend you a table 
of the quantity of rain, which fell in Gharks-Towa 
for thefe if years laft paft; which, if continued for 
half a century, might be of ufe, in difcovering to us 
the changes made in a climate, by clearing the land 
of its woods; Tho' I fornaerly fent a table of the 
rain from r738 to I74f indufive, which ispublifh'd 
in N^ 487 of the Philofopbical Tranfafiiom \ yet, as 
1 thought it would be more convenient to bring the 
whole itifto one view, I have not only added to this 
table the rain of thoie years, but have lifeewlfe diftin^ 
guifhed the quantity which fell in the feveral feafons* 
In this table I continued the old ftile to th6 firft of 
feft February, tJlat the mean quantity, in each month, 
fscA \n the different feafons, might be given e:xa<3:ly. 

As 



